Abstract. This paper is a continuation and wide extension of [TY]. In the first part of the present paper, we give a unified geometric proof that both focal submanifolds of every isoparametric hypersurface in spheres with four distinct principal curvatures are Willmore. In the second part, we completely determine which focal submanifolds are Einstein except one case.
Introduction
Let x : M n → S n+p be an immersion from an n-dimensional compact manifold to an (n + p)-dimensional unit sphere S n+p . Denote by h the second fundamental form of x, S the norm square of h, and H the norm of the mean curvature vector, respectively. Then M n is called a Willmore submanifold in S n+p if it is an extremal submanifold of the Willmore functional, which is a conformal invariant (cf. [Wan] ):
An equivalent condition for M n to be Willmore was given in [GLW] , [PW] . In particular, when M n is a minimal submanifold in S n+p with constant S, under a field of local orthonormal basis {e A } (1 ≤ A ≤ n + p) for T S n+p , in which {e i } ∈ T M (1 ≤ i ≤ n) and {e α } ∈ T ⊥ M (n + 1 ≤ α ≤ n + p), their criterion for Willmore reduces to be:
f or any α, n i,j=1
where R ij is the Ricci tensor of M n , h α ij is the component of h with respect to e i , e j and e α .
Based on the reduced criterion (1), in conjunction with the fact that the focal submanifolds of an isoparametric hypersurface in S n+1 are minimal submanifolds of S n+1 with constant S, we establish one of our main results as follows Theorem 1.1. Both focal submanifolds of every isoparametric hypersurface in unit spheres with four distinct principal curvatures are Willmore.
Remark 1.1. This theorem extends widely the main result in [TY] , where one focal submanifold of every isoparametric hypersurface of FKM-type was shown to be Willmore.
We need some preliminaries on isoparametric hypersurfaces. It is well known that an isoparametric hypersurface in a complete Riemannian manifold N always comes as a family of parallel hypersurfaces, which are level hypersurfaces of an isoparametric function f , that is, a non-constant smooth function on N satisfying
where ∇f and ∆f are the gradient and Laplacian of f on N , respectively, b and a are smooth and continuous functions on R, respectively. The preimage of the global maximum (resp. minimum) of an isoparametric function f is called the focal variety of f , denoted by M + (resp. M − ), if nonempty. A fundamental structural result claimed by [Wan' ], proved in details by [GT] , asserts that each focal variety of an isoparametric function is a minimal submanifold of N .
The equations in (2) mean that the parallel level hypersurfaces have constant mean curvatures. As is well known, an isoparametric hypersurface M n in the unit sphere S n+1 actually has constant principal curvatures. Let g be the number of distinct principal curvatures, which are denoted by k i (k 1 > ... > k g ) with multiplicity m i (i = 1, ..., g). A remarkable result proved by Münzner [Mun] states that m i = m i+2 (subscripts mod g) and the isoparametric function f must be the restriction to S n+1 of a homogeneous polynomial F : R n+2 → R of degree g satisfying the Cartan-Münzner equations:
where ∇F and ∆F are the gradient and Laplacian of F on R n+2 . The polynomial F is called the Cartan-Münzner polinomial, its restriction f = F | S n+1 takes values in [−1, 1] on S n+1 . The focal submanifolds M + := f −1 (1) and M − := f −1 (−1) are in fact minimal submanifolds of S n+1 with respective codimensions m 1 + 1 and m 2 + 1, whose second fundamental forms are both of constant length (cf. [CR] ).
As a corollary of the criterion (1), every n-dimensional Einstein manifold minimally immersed in the unit sphere S n+p is a Willmore submanifold. Then a natural problem arises: is every focal submanifold Einstein? According to the concluding remark of [TY] , there are only few focal submanifolds M + of FKM-type being possibly Einstein. As another main result of this paper, we give a complete resolution of this problem for the focal submanifolds of every isoparametric hypersurface in S n+1 with four distinct principal curvatures, except the open case (m 1 , m 2 ) = (7, 8).
To state Theorem 1.2 clearly, we recall the construction of isoparametric functions of FKM-type. For a symmetric Clifford system {P 0 , · · · , P m } on R 2l , i.e. P i 's are symmetric matrices satisfying P i P j + P j P i = 2δ ij I 2l , Ferus, Karcher and Münzner ([FKM] ) constructed a polynomial F (called FKM-type isoparametric polynomial) of degree 4 on R 2l :
which satisfies the Cartan-Münzner equations. Moreover, it is easy to verify that f = F | S 2l−1 satisfies (cf. [GTY] ):
where m 1 = m, m 2 = l − m − 1. Thus by definition, f is an isoparametric function on S 2l−1 .
According to [CCJ] , [Imm] and [Chi] , all isoparametric hypersurfaces in spheres with four distinct principal curvatures are of FKM-type, except for the cases (m 1 , m 2 ) = (2, 2) and (4, 5), and except possibly for cases with multiplicities (7, 8), which has not been classified yet. As for the isoparametric hypersurfaces with (m 1 , m 2 ) = (2, 2) or (4, 5), they must be homogeneous and thus unique (cf. [OT] , [Chi] 
is Einstein, while the other one diffeomorphic to CP 3 is not. (iii) In the case (m 1 , m 2 ) = (4, 5), both focal submanifolds are not Einstein. Remark 1.2. (1). In the FKM-family, there are two incongruent examples corresponding to (m 1 , m 2 ) = (4, 3), one is homogeneous while the other is not. It is surprising that only the focal submanifold M + of the homogenous case is Einstein.
(2). For g=4, we provide a complete determination for which focal submanifolds are Einstein except the case (m 1 , m 2 ) = (7, 8), which has not been classified yet. Fortunately, we are able to show that for all the known examples with (m 1 , m 2 ) = (7, 8) (in fact, three examples of FKM-type), the focal submanifolds are not Einstein.
Isoparametric foliations
2.1. Preliminaries. Let M n be an isoparametric hypersurface with four distinct principal curvatures in the unit sphere S n+1 , and F be the corresponding Cartan-Münzner polynomial. In the current discussion, we focus only on the focal submanifold M + = F −1 (1) ∩ S n+1 , since we can change F to −F so if necessary.
In virtue of Münzner, M n can be regarded as a unit normal sphere bundle U N + over M + . In addition, at any point x ∈ M + , the principal curvatures of the shape operator with respect to any unit normal vector are 0, 1, −1, with the corresponding multiplicities m 1 , m 2 and m 2 .
Following [CCJ] , let (x, n 0 ) ∈ U N + be points in a small open set, where x ∈ M + and n 0 is a unit normal vector of M + at x. Adopting the following index ranges
we choose a smooth orthonormal frame {n a }, {e p }, {e α }, {e µ } of U N + in such a way that {n a } are tangent to the unit normal sphere at n 0 , and {e p }, {e α }, {e µ } are respectively the basis vectors of the eigenspaces V 0 , V + , V − of the shape operator S n 0 .
Since each frame vector can be regarded as a smooth map from U N + to R n+2 , using the Einstein summation convention, we have
where
Combining the third equation in (6) with (7), we obtain an explicit expression of
pa defined above and the orthonormal coframe field ω p , ω α , ω µ :
Define linear operators ( [CCJ] )
and their transposes
With respect to the orthogonal direct sum decomposition
the shape operator S a has the block form
Proof of Theorem 1.1.
Let M n be an isoparametric hypersurface with four distinct principal curvatures in the unit sphere S n+1 , and let F be its Cartan-Münzner polynomial. We only make the proof for M + , as the proof for M − is analogous.
Take the same notations as in Section 2.1. Based on the principal decomposition V + , V 0 and V − of the tangent space T M + , we simplify the criterion (1) for Willmore submanifolds to be:
At first, from Gauss equation, we derive that
R(e t , e α , e t , e α ) +
h(e t , e t ), h(e α , e α ) −
where R is the curvature tensor of S n+1 .
Immediately, the minimality of M + gives rise to t h(e t , e t ), h(e α , e α ) = 0.
Additionally, another straightforward calculation depending on the formula (8) leads us to the last item in the expression of Ric(e α ) as follows
In summary, we arrive at
Similarly,
Therefore, the equality
Ric(e µ ) holds if and only if
As claimed in Lemma 49 of [CCJ] , for any choice of a ∈ {1, ..., m 1 }, there is always an orthonormal basis in V + and an orthonormal basis in V − such that relative to these bases, B a = C a . In other words, by the definition (9) of B a and C a , the equality (11) holds.
Now, the proof of Theorem 1.1 is complete.
FKM-type isoparametric polynomials
In this section, we give a detailed study on the focal submanifolds of FKM-type and show a complete determination for which focal submanifolds are Einstein in this situation, providing a proof of 1) in Theorem 1.2.
3.1. M − of FKM-type. Recalling the Cartan-Münzner polynomial constructed by Ferus, Karcher and Münzner ([FKM] ):
we find that
where Σ(P 0 , · · · , P m ) is the unit sphere in Span{P 0 , · · · , P m }, which is called the Clifford sphere. Notice that for any P ∈ Σ(P 0 , · · · , P m ), we have P 2 = I and Trace P = 0. Thus the eigenvalues of P must be ±1, with the same multiplicities. Denoting the corresponding eigenspaces by E + (P ) and E − (P ) respectively, we can decompose R 2l as
Let y ∈ M − and P ∈ Σ(P 0 , · · · , P m ) with P y = y. Define
which is the equatorial sphere of Σ(P 0 , · · · , P m ) orthogonal to P . In this way, we have a decomposition of the tangent space T M − with respect to the eigenspaces of the shape operator.
Lemma ( [FKM] ) The principal curvatures of the shape operator S N with respect to any unit normal vector N ∈ T ⊥ y M − are 0, 1, and −1, with the corresponding eigenspaces Ker(S N ), E + (S N ), E − (S N ) as follows:
✷
To facilitate the description, in front of the proof of 1) in Theorem 1.2, we state the following lemma, which is a direct corollary of the Gauss equation for the minimal submanifold.
Lemma 3.1. Let M n be an n-dimensional submanifold minimally immersed in an (n + p)-dimensional unit sphere S n+p . Then M is Einstein if and only if for arbitrary x ∈ M and orthonormal basis
where S Nα is the shape operator with respect to the normal vector N α .
With all these preparations, we are in a position to prove that the focal submanifold M − of FKM-type is not Einstein.
Proof of 1) in Theorem 1.2 for M − :
Given y ∈ M − and P ∈ Σ(P 0 , · · · , P m ) with P y = y, let {N α } l−m α=1 be an orthonormal basis for T ⊥ y M − . For any X ∈ T y M − with |X| = 1, there is a decomposition
with respect to N α by the lemma of [FKM] mentioned before. For any Q ∈ Σ P , we define Y = Qy, and decompose it as
On the other hand, choosing Z ∈ Ker(S N 1 ) with |Z| = 1, we have
Therefore, M − is not Einstein by Lemma 3.1.
3.2. M + of FKM-type. This subsection will be committed to proving 1) of Theorem 1.2 for the focal submanifold M + of FKM-type.
We start with a description of the normal space of the focal submanifold
As pointed out by [FKM] , the normal space at x ∈ M + is
Following [TY] , ∀X ∈ T x M + with |X| = 1, let {X = e 1 , e 2 , ..., e 2l−m−2 } be an orthonormal basis for T x M + , and {P 0 x, ..., P m x} an orthonormal basis for T ⊥ x M + . Then from the Gauss equation and properties of Clifford system {P 0 , · · · , P m }, we derive the Ricci curvature of X:
As established by [TY] in their concluding remark, a sufficient condition for M + not to be Einstein can be stated as
Moreover, [TY] reveals that the focal submanifold M + of FKM-type is not Einstein, except possibly for those with multiplicities in one of the following pairs (15) (m 1 , m 2 ) = (m, l − m − 1) = (4, 3), (5, 2), (6, 1), (7, 8) , (8, 7), (9, 6), (10, 21).
As asserted by [FKM] , the isoparametric families of FKM-type with multiplicities (5, 2), (6, 1) are congruent to those with multiplicities (2, 5), (1, 6). Hence, both M + in the cases (m 1 , m 2 ) = (5, 2), and (6, 1) are not Einstein by the proved result for M − in last subsection.
Consequently, the cases with (m 1 , m 2 ) = (4, 3), (7, 8) , (8, 7) , (9, 6), (10, 21) are left to our consideration. Since the (4, 3) case is the most amazing one, we will firstly deal with this case.
3.2.1. The (4,3) case. In this case, m = 4 and l = 8 = 2δ(4), where δ(m) is the dimension of irreducible representation of C m−1 . According to [FKM] , there are two examples of FKM-type isoparametric polynomials with multiplicities (4, 3), which are distinguished by an invariant Trace(P 0 P 1 P 2 P 3 P 4 ) = 2qδ(4), with q ≡ 2 mod 2.
Noticing that P 0 P 1 P 2 P 3 P 4 is a symmetric orthogonal matrix on R 16 , we divide the proof into two parts. 1). q = 2. On this condition, P 0 P 1 P 2 P 3 P 4 is a symmetric orthogonal matrix on R 16 with Trace(P 0 P 1 P 2 P 3 P 4 ) = 16. Thus it follows easily that P 0 P 1 P 2 P 3 P 4 = I 16 , which makes the elements in {P i P j x | i, j = 0, 1, ..., 4, i < j} perpendicular to each other. For example, we have P 0 P 1 x, P 0 P 2 x = P 1 x, P 2 x = P 1 , P 2 x, x = 0 P 1 P 2 x, P 3 P 4 x = P 1 P 2 x, P 0 P 1 P 2 P 3 P 4 P 3 P 4 x = − P 0 x, x = 0.
As indicated in [TY] , Span{P i P j x | i, j = 0, 1, ..., 4, i < j} ⊂ T x M + . Observing that #{P i P j x | i, j = 0, 1, ..., 4, i < j} = dim T x M + = 10, we find that {P i P j x | i, j = 0, 1, ..., 4, i < j} constitutes an orthonormal basis of T x M + .
Hence, based on the formula (14), a fundamental argument in linear algebra shows immediately that M + corresponding to q = 2 is Einstein! According to [FKM] , this example corresponding to q = 2 is the homogeneous one. By the classification of homogeneous hypersurfaces in spheres (cf. [TT] ), M + in this case is diffeomorphic to Sp(2).
2). q = 0. On this condition, we have Trace(P 0 P 1 P 2 P 3 P 4 ) = 0. Then there exists T ∈ O(16), such that P 0 P 1 P 2 P 3 P 4 = T t I 0 0 −I T . Suppose M + is Einstein in this case. Then it is obvious that {P i P j x | i, j = 0, 1, ..., 4, i < j} forms an orthonormal basis of T x M + for any x ∈ M + . Hence, a simple verification leads to P 0 P 1 P 2 P 3 x, x = − P 0 P 1 x, P 2 P 3 x = 0,
which imply that P 0 P 1 P 2 P 3 x ∈ T ⊥ x M + . Moreover, from the identities P 0 x, P 0 P 1 P 2 P 3 x = P 1 x, P 0 P 1 P 2 P 3 x = P 2 x, P 0 P 1 P 2 P 3 x = P 3 x, P 0 P 1 P 2 P 3 x = 0, it follows that P 0 P 1 P 2 P 3 x = ±P 4 x. That is to say,
Write T x = (y t , z t ) t . Substituting into (16), it follows directly that y = 0 or z = 0. In other words, we get a map T : M 10 + → S 15 mapping x to T x with T (M 10 + ) ⊂ S 7 (1) × {0} ∪ {0} × S 7 (1), which contradicts the fact that T is an orthogonal matrix.
In conclusion, M + is not Einstein in this case! Remark 3.1. According to [FKM] , this example corresponding to q = 0 is the inhomogeneous one, which is congruent to the unique example of FKM-type with multiplicities (3, 4). Thus M + of this example is isometric to M − of FKM-type with multiplicities (3, 4), which is not Einstein by the proved result in Section 3.1. The (7, 8) case. The key point for the proof in this case is an interesting lemma as we state below, which relates to the condition (A) introduced by Ozeki and Takeuchi [OT] . We remark that this condition (A) was interpreted as a condition on the second fundamental form by [FKM] .
3.2.2.
Lemma 3.2. Let M be a submanifold minimally immersed in the unit sphere. If M satisfies condition (A), i.e. at some point of M , the kernels of all shape operators S N (N = 0) coincide, then M is not Einstein.
Proof. It is an immediate corollary of Lemma 3.1 From Theorem 5.8 in [FKM] , we see that M + in the (7, 8) case does satisfy the condition (A). Consequently, M + is not Einstein.
3.2.3. The (9,6) case. In this case, m = 9 and l = 16. For the Clifford system {P 0 , · · · , P 9 } on R 32 , we choose x ∈ S 31 to be a common eigenvector of the commuting operators
Observing that each P i anti-commutes with at least one of these operators, we see x ∈ M + . Furthermore, since x is also an eigenvector of the product of the operators mentioned above, we obtain the following identities: P 0 P 1 x = ±P 2 P 3 x = ±P 4 P 5 x = ±P 6 P 7 x = ±P 8 P 9 x, P 0 P 2 x = ±P 1 P 3 x, P 0 P 3 x = ±P 1 P 2 x, P 0 P 4 x = ±P 1 P 5 x, P 0 P 5 x = ±P 1 P 4 x, P 0 P 6 x = ±P 1 P 7 x, P 0 P 7 x = ±P 1 P 6 x, P 0 P 8 x = ±P 1 P 9 x, P 0 P 9 x = ±P 1 P 8 x, P 2 P 4 x = ±P 3 P 5 x, P 2 P 5 x = ±P 3 P 4 x, P 2 P 6 x = ±P 3 P 7 x, P 2 P 7 x = ±P 3 P 6 x, P 2 P 8 x = ±P 3 P 9 x, P 2 P 9 x = ±P 3 P 8 x, P 4 P 6 x = ±P 5 P 7 x, P 4 P 7 x = ±P 5 P 6 x, P 4 P 8 x = ±P 5 P 9 x, P 4 P 9 x = ±P 5 P 8 x, P 6 P 8 x = ±P 7 P 9 x, P 6 P 9 x = ±P 7 P 8 x.
As a direct result, dim Span{P i P j x | i, j = 0, 1, ..., 9, i < j} ≤ 21 = dim T x M + . Moreover, from the formula (14) of Ricci curvature of M + , for any X ∈ T x M + , we derive that Ric(X) = 10 + 2 5 X, P 0 P 1 x 2 + 2
At last, by the following lemma in linear algebra, M + is not Einstein in this case. X, u i 2 is not constant on the unit sphere in R 21 .
3.2.4.
The (8,7) case. In this case, m = 8 and l = 16. By the representation theory of Clifford algebra, we can extend a Clifford system {P 0 , · · · , P 8 } on R 32 to a system {P 0 , · · · , P 9 }. Let x ∈ S 31 again be a common eigenvector of the commuting operators
Repeating the arguments in 3.2.3, we see that x belongs to M + and
Again, using the formula (14) for the Ricci curvature, we conclude that M + is not Einstein in this case.
In fact, there are two incongruent families of FKM-type with multiplicities (8, 7), neither is congruent to the (7, 8) family, and both M + of the two families are not Einstein.
3.2.5. The (10, 21) case. In this case, m = 10 and l = 32. Choosing x ∈ S 63 to be a common eigenvector of the commuting operators P 0 P 1 P 2 P 3 , P 4 P 5 P 6 P 7 , P 0 P 1 P 8 P 9 , P 2 P 3 P 8 P 9 , P 0 P 2 P 8 P 10 , we see that x ∈ M + . Thus a similar argument as in 3.2.3 implies that dim Span{P i P j x | i, j = 0, 1, ..., 10, i < j} < 52 = dim T x M + .
Therefore, M + is not Einstein in this case. ✷ Up to now, the proof of 1) in Theorem 1.2 is complete!
Homogeneous isoparametric hypersurfaces
This section will be committed to investigating the homogeneous cases with multiplicities (2, 2) and (4, 5).
We begin by recalling a formulation of the Cartan-Münzner polynomial F in terms of the second fundamental forms of the focal submanifolds, developed by Ozeki and Takeuchi in [OT] (see also [CCJ] , p.52). For x ∈ M + , and an orthonormal basis {n 0 , n 1 , · · · , n m 1 } of the normal space T ⊥ x M + , we introduce the quadratic homogeneous polynomials
where y ∈ T x M + . The Cartan-Münzner polynomial F can be expressed by p i as follows,
where the homogeneous polynomials of degree three, q i (y), are the components of the
4.1. The homogeneous example of multiplicities (2,2). Consider the lie algebra so(5, R). The special orthogonal group SO(5) acts on it by the adjoint representation
for g ∈ SO(5) and Z ∈ so(5, R). Then the principal orbits of this action constitute the homogeneous 1-parameter family of isoparametric hypersurfaces in S 9 with multiplicities (m 1 , m 2 ) = (2, 2). Denote the (i, j)-entry of Z by a ij ∈ R. Then the Euclidean space R 10 is so(5, R) coordinated by a ij with i < j, and according to [OT] , the CartanMünzner polynomial is
Making use of the expansion formula (18), we will calculate the second fundamental forms for the focal submanifolds M + := F −1 (1) ∩ S 9 and M − := F −1 (−1) ∩ S 9 at some special points, respectively. 1). The geometry of M − .
Let e be the point in so(5, R) coordinated by
Substituting e into (19), we get immediately that F (e) = −1. It is easy to see that the isotropy subgroup at e is SO(2) × SO(3), thus M − is diffeomorphic to G 2 (R 5 ) = SO (5) SO (2) Remark 4.1. Noticing that M − is diffeomorphic to the Grassmann manifold G 2 (R 5 ) of the oriented two-planes in R 5 , it is natural to ask that if the induced metric on M − from the Euclidean space R 10 is the unique invariant metric on the compact irreducible symmetric space G 2 (R 5 ). The answer is affirmative: in virtue of Lemma 1.8 in [Sol] , M − ⊂ R 10 is just the standard Plücker embedding of G 2 (R 5 ) into R 10 .
2). The geometry of M + .
Choose a point e ′ with coordinates a 12 = a 34 = 1 √ 2 and zero otherwise. Clearly, F (e ′ ) = 1. By a computation of the isotropy subgroup at e ′ (cf. [TXY] ), we see that M + is diffeomorphic to
In terms of new coordinates we introduced below 
where G ′ denotes the sum of other items containing no t. Comparing this expansion with (18), we find that {w 0 , w 1 , w 2 } and {x 1 , x 2 , y 1 , y 2 , z 1 , z 2 } are respectively the normal and tangent coordinates. The components of the second fundamental form of M + at e ′ are
Therefore, for any X = (x 1 , x 2 , y 1 , y 2 , z 1 , z 2 ) ∈ T e ′ M + with |X| = 1,
which is not constant, namely, M + is not Einstein by Lemma 3.1.
4.2.
The homogeneous example of multiplicities (4,5). This case resembles the (2, 2) case strongly. However, both focal submanifolds M + and M − in this case are not Einstein. To show the assertion, consider the Lie algebra so(5, C). The unitary group U (5) acts on it by the adjoint representation
for g ∈ U (5) and Z ∈ so(5, C). The principal orbits of this action constitute the homogeneous 1-parameter family of isoparametric hypersurfaces in S 19 with multiplicities (m 1 , m 2 ) = (4, 5). Denote the (i, j)-entry of Z by a ij = x ij + √ −1y ij with real x ij and y ij . Then the Euclidean space R 20 is so(5, C) coordinated by x ij and y ij with i < j. Again, according to [OT] , the Cartan-Münzner polynomial is
where Z i = (a i1 , · · · , a i5 ) is the row vector of Z = (a ij ) and Z i , Z j is the Hermitian inner product .
Comparing with the expansion formula (18), we will investigate the second fundamental forms for the focal submanifolds M + := F −1 (1)∩ S 19 and M − := F −1 (−1)∩ S 19 respectively. 1). Geometry of M + .
Following [Chi] , we choose a point e with coordinates x 12 = x 34 = 1 √ 2 and zero otherwise. Clearly, F (e) = 1. In a similar way as 2) in 4.1, we introduce new coordinates
x 13 := (w 3 − z 4 )/ √ 2, x 24 := (w 3 + z 4 )/ √ 2, Then (w 0 , w 1 , w 2 , w 3 , w 4 ) are the normal coordinates, (x 1 , ..., x 5 , y 1 , ..., y 5 , z 1 , ..., z 4 ) are the tangent coordinates. Expanding F with respect to t, the components of the second fundamental form of M + at e are given by which implies that M + is not Einstein by Lemma 3.1. We remark that M + is diffeomorphic to the homogeneous space
Sp(2)×U (1) (cf. [TXY] ). In fact, it fibers over CP 4 with fiber U (4) Sp(2) .
2). Geometry of M − .
Let e ′ be a point with coordinates x 12 = −x 21 = 1 and zero otherwise. Clearly, we have F (e ′ ) = −1. With respect to x 12 , −F can be expanded as: Observing that the unit tangent vector Y 12 with y 12 = 1 is contained in Ker(S i ) for 0 ≤ i ≤ 5, we derive from the formulas above that This leads us to the final conclusion that M − in the (4, 5) case is not Einstein by Lemma 3.1. We remark that M + is diffeomorphic to
SU (2)×U (3) (cf. [TXY] ).
for his handwritten translation of [FKM] and many helpful comments during the third author preparing the Latex version of the manuscript.
